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Calculus - Differentiation

Introduction to differential calculus

- Calculating the gradient of curves

The gradient of a curve changes as you move along it, and so:

The gradient of a curve at a specific point is defined as being the same as the gradient of 
the tangent to the curve at that point.


Tangent: The tangent is a straight line, which touches, but does not cut, the curve. You 
require two points to calculate the gradient of a tangent.


 


To find the gradient of the tangent at a point B on 
a curve with a known equation, you can find the 
gradient of chords joining B to other points close 
to B on the curve. You can investigate the values 
of these gradients as the other points become 
closer to B. You should find the values become 
very close to a limiting value, which is the value 
of the gradient of the tangent, and also the 
gradient of the curve at the point B. 


The gradient of the tangent at any particular point is the rate of change of y with 
respect to x. 

Consider the following graph:


The point B is the point with coordinates (x, x2) and the point C is the point near to B with 
coordinates (x+h, (x+h)2).
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As h 
becomes smaller the gradient of the chord becomes closer to the gradient of the tangent 
to the curve at the point B.


The gradient of the tangent at the point B to the curve with equation y = x2 is therefore 
given by the formula: gradient = 2x. In general you will find that the gradients of the 
tangents to a given curve can be expressed by a formula related to the equation of the 
curve.


The gradient formula for y = f(x) is given by the equation: gradient = f’(x), where f’(x) 
is called the derived function. f’(x) is defined as the gradient of the curve y = f(x) at the 
general point (x, f(x)). It is also the gradient of the tangent to the curve at that point. 


You can use a similar approach to establish a gradient formula for the graph of y = f(x), 
where f(x) is a power of x, i.e. f(x) = xn, where n is any real number.

Again you need to consider the gradient of a chord joining two points which are close 
together on the curve and determine what happens when the points become very close 
together. 


This time the point B has coordinates (x, f(x)) and the point C is the point near to B with 
coordinates (x+h, f(x+h)). The gradient of BC is


So as h becomes small and the gradient of the chord becomes close to the gradient of 
the tangent, the definition of f’(x) is given as
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Example: Find, from the definition of the derived function, an expression for f’(x) when f(x) 
= 1/x.


Therefore,


If f(x) = xn, then f’(x) = nxn-1

So the original power multiplies the expression and the power of x is reduced by 1.


𝛿 (delta) is a symbol which stands for a small change. 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These statements can be proven. The proofs are not required at A-level stage.


- Increasing vs decreasing functions

A function f which increases as x increases in the interval from x=a to x=b is an increasing 
function in the interval (a,b).


A function f which decreases as x increases in the interval from x=a to x=b is a 
decreasing function in the interval (a,b).


Stationary points

Points of zero gradient are called stationary points and stationary points may be 
maximum points, minimum points or points of inflexion.


- The points where f(x) stops increasing and begins to decrease are called maximum 
points. 


- The points where f(x) stops decreasing and begins to increase are called minimum 
points.


- A point of inflexion is a point where the gradient is at a maximum or minimum value in 
the neighbourhood of the point.


You can take the second derivative (and the third if needed) of a function to find out 
whether the stationary point is a maximum, minimum or a point of inflexion.
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The exponential and log functions

The exponential function y = ex is the function in which the gradient is identical to the 
function. The number e is an irrational number equal to 2.718. 


To study the exponential function further, it becomes necessary to introduce its inverse 
function. The inverse to ex is logex (often written ln x). 
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Rules of differentiation  

- Chain rule

The chain rule enables you to differentiate a function of a function.








- Product rule
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- Quotient rule


Differentiating the exponential & ln function
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Differentiating trigonometric functions


- Proof for differentiation of sin x





For small values of x in radians
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Special case




Differentiating parametric functions


Implicit differentiation
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Differentiating hyperbolic functions 


Differentiating inverse hyperbolic functions


Differentiating inverse trigonometric 
functions 
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Calculus - Integration

Introduction to integral calculus

Integration is the process of finding y when you know dy/dx.








Definite integrals


Finding areas under curves
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Working out the area between a curve and a straight line
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Trapezium Rule
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Integrating standard functions
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- You can use trigonometric identities in integration. Refer to 
trigonometric identities booklet. 

Partial fractions

Complex fractions may need to be separated into a number of simpler fractions using the 
partial fractions method. The functions obtained can be integrated more easily


Standard patterns


Integration by substitution

Sometimes you can simplify an integral by changing the variable. This process dissimilar 
to using the chain rule in differentiation and is called integration by substitution. 
Integration by substitution can also be used to evaluate definite integrals by changing the 
limits of the integral as well as the expression being integrated. 

Example:
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Integration by parts


Finding area and volume by integration
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Integrating hyperbolic functions


You can also use the exponential definitions of hyperbolic functions in order to integrate 
them. 

The standard results can be derived directly by using a substitution.
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can be easily manipulated to use the above results. 
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You can integrate inverse trigonometric and hyperbolic functions using integration by 
parts.

Example:


Reduction formulae
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Integration to find the length of a curve
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Integration to find the surface area 
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Calculus - Differential Equations

First order differential equations


This method is called separating the variables.


When you have integrated and found the general solution, you can let the arbitrary 
constant take different numerical values, thus generating particular solutions. You can 
then sketch a graph for each of these solutions. The curves that are sketched are called a 
family of solution curves. 


In some questions you will be given a boundary conditions, such as y = 1 when x = 0.

You can use this to find the arbitrary constant. Different boundary conditions will give rise 
to different particular solutions. The graph of each solution belongs to the family of 
solution curves.

Example:
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You can solve exact equations where one side is the exact derivative of a product and the 
other side can be integrated with respect to x.

Example: 





You can find the integrating factors of differential equations and multiply the whole 
equation so that it becomes exact and can be integrated. 


You can use a given substitution to reduce a differential equation into one of the above 
types of equation, which you can then solve. 

Example:
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Second order differential equations
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